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1. Introduction
We consider a U(1) gauge theory with a
conserved magnetic current jMµ = ∂
νF ∗µν .
The corresponding magnetic U(1) sym-
metry can either be Wigner or broken a`
la Higgs. In the first case (Wigner) the
Hilbert space consists of superselected sec-
tors with definite magnetic charge. In
the second case (Higgs) at least one mag-
netically charged operator µ exists, with
〈µ〉 6= 0. 〈µ〉 is the order parameter. The
free energy density (effective Lagrangean),
is uniquely determined by symmetry and
dimensional arguments[2] to be
L = (Dρ〈µ〉)
∗
Dρ〈µ〉−
1
4
F µνFµν−V (〈µ〉)(1)
HereDρ = ∂ρ−iqM A˜ρ is the dual covariant
derivative, A˜ρ the dual vector potential,
V (〈µ〉) the usual quartic potential. If V
has a non trivial minimum, 〈µ〉 6= 0, the
system is a dual superconductor. In the
usual non compact formulation jMµ ≡ 0
(Bianchi identities). On a lattice the the-
ory is compact and a non zero magnetic
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current can be defined[3]. In QCD U(1) is
defined by abelian projection[4]. A mag-
netically charged operator µ has been con-
structed[1] and 〈µ〉 has been used as a dis-
order parameter for detecting dual super-
conductivity. The results of this investiga-
tion are the following[5]: 1)The confined
phase of quenched QCD has 〈µ〉 6= 0, and
behaves as a dual superconductor in all
the abelian projections[1]. 2)In the de-
confined phase 〈µ〉 = 0 and superselected
magnetic sectors exist. 3)In the vicinity of
the transition 〈µ〉∝T→T−c
(
1− T
Tc
)δ
. δ is
independet of the abelian projection, and
is equal to the analogous index of the dual
Polyakov line[6]. 4)A similar behaviour is
found in the presence of dynamical quarks.
These results are obtained by properly
performing the infinite volume limit, by
use of finite size scaling techniques[1,5,6],
and provide basic information on the dual
structure of QCD. The questions we want
to address here are the following
1)Does 〈µ〉 6= 0 contradict the so called
Elitzur’s theorem[8]? 2)How precisely is
the abelian projection definable on the lat-
tice?
22. The order parameter of a super-
conductor.
The ground state of a superconductor
is a superposition of states with different
charges[9], and the order parameter 〈ϕ〉 is
the v.e.v. of a charged operator ϕ. Theo-
rem (continuum version of ref.[8]) If ϕ(x)
is a local charged operator, in a gauge in-
variant formulation (no gauge fixing), |0〉
is gauge invariant and hence
〈0|ϕ(x)|0〉 = eiΛ(x)〈0|ϕ(x)|0〉 ∀Λ(x)
or 〈0|ϕ(x)|0〉 = 0. Does the existence of a
superconductor violate gauge invariance?
The answer is of course no. In the usual
perturbative treatment of the Higgs phe-
nomenon a gauge is fixed, e.g. the unitary
gauge[10], and the theorem is eluded. In
a gauge invariant formulation, like lattice,
the way out is to define gauge invariant
charged operators[11], ϕ˜(x), as follows
ϕ˜(x) = ϕ(x)ei(A,h) (2)
where
(A, h) =
∫
d4yAµ(y)hµ(y − x)
∂µhµ(z) = δ
4(z). Under a generic gauge
transformation UΛ, with Λ(x) → 0 as
|x| → ∞, (A, h)→ (A, h)−Λ(x), ϕ(x)→
eiΛ(x)ϕ(x) and hence ϕ˜(x)→ ϕ˜(x). ϕ˜(x) is
gauge invariant. However, under a global
transformation (with ∂µΛ = 0) Aµ → Aµ
and ϕ˜(x) → eiΛϕ˜(x) like any charged op-
erator. ϕ˜(x) is charged and gauge invari-
ant. It is non local, but by a judicious
choice of hµ, it obeys cluster property
G(x) ≡ 〈ϕ˜(x)†ϕ˜(0)〉 ≃
|x|→∞
Ae−M |x|+|〈ϕ〉|2(3)
and defines the order parameter 〈ϕ〉
by the asymptotic behaviour. Possible
choices for hµ depend on the dimension
d of its support. For d = 1 hµ =
δ
µ
0 θ(x0 − y0)δ
3(~x − ~y) and exp(i(A, h) =
exp(i
∫ x0
−∞A0(y0, ~x)dy0) is a parallel trans-
port from −∞ along time axis (Mandel-
stam string). The string can be put on
any path C going to infinity and ϕ˜(x) =
ϕ(x) exp(i
∫
C Aµdx
µ). For d = 3 hµ =
(0, 1
4π
~x−~y
|~x−~y|3
) (Dirac choice). For a lattice
version of the Higgs model
L =
β
2
− a2 cos(dθ − eA) (4)
it can be proved that
1) At sufficiently small a (Coulomb phase)
|G(x)| ≤|x|→∞C exp(−ρ|x|)
2) At sufficiently large a and small e
(Higgs phase) |G(x)| ≥ a2 as |x| → ∞,
provided (h, h) is uniformely bounded in
the limit V → ∞. This is true for the
Dirac choice of hµ (d = 3) but not for the
string (d = 1).
3)The Hilbert space enlarged by the cor-
relators of ϕ˜ obeys Osterwalder-Schrader
positivity, and admits a decomposition
in superselected sectors in the Coulomb
phase.
3. Dual superconductivity.
For compact U(1) the operator µ which
creates a monopole is defined as[12]
µ(x0, ~x) = e
β
∑
~n
(cos[θ0i(x0,~n)−bi(~x−~n)]−cos θ0i(x0,~n))
where bi(~x − ~y) is the vector potential at
~y of a monopole sitting at ~x. Theorems
1)µ carries magnetic charge[12]. 2)µ is
gauge invariant (θ0i = F0i). 3)µ is Dirac
3like[13,14]. 4)The correlations functions
〈µ(x)µ¯(0)〉 are equal to 〈ϕ˜(x)ϕ˜†(0)〉 of the
Higgs model with the change βH → β =
1
4π2βH
, as required by duality. In conclu-
sion µ is a gauge invariant charged opera-
tor and 〈µ〉 a legitimate disorder parame-
ter for dual superconductivity.
4. About the abelian projection.
The abelian projection is a gauge trans-
formation which diagonalizes an operator
Φ(x) =
∑
ΦaT a in the adjoint representa-
tion. In this gauge the generic link on the
lattice Uµ(n) can be written in the form
Uµ(n) = Vν(n)Cµ(n) (5)
where Cµ(n) is an exponent of the diag-
onal generators (photons), Vµ(n) of the
off diagonal (charged) generators. Cµ is
uniquely defined. Also the form
Uµ(n) = Cµ(n)V
′
µ(n)
is possible, with V ′µ = C
†(n)VµCµ(n),
again a charged operator. For the plaque-
tte Πµν = Uµ(n)Uν(n+ µˆ)U
†
µ(n+ νˆ)U
†
ν(n)
the abelian projection is not uniquely de-
fined. It can be defined, e.g., as the pro-
jected part of Πµν by a procedure simi-
lar to that leading to eq.(1), or, as usu-
ally done, as the plaquette constructed
with the abelian links Π0µν = Cµ(n)Cν(n+
µˆ)C†µ(n+ νˆ)C
†
ν(n). By use of eq.(7)
Πµν = (6)
Vµ(n)V
′
ν(n+ µˆ)(V
′′
µ )
†(n+ νˆ)(V
′′′
ν )
†(n)Π0µν
The V ’s in eq.(8) are separately charged,
but their product contains at the expo-
nent terms coming from the commutators
in the Baker-haussdorf formula, which are
O(a2) and belong to the diagonal subspace
of the algebra. The abelian projection on
the lattice is undefined by terms O(a2).
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